There has been considerable interest in a recent preprint [1] describing an effect named as the "Quantum Pigeonhole Principle". The classical pigeonhole principle (classical PHP) refers to a result in number theory [2] which states that if n objects are distributed between m boxes, with m < n, then at least one box must contain more than one object. An experiment is proposed in [1] where interactions between particles would reveal that they were in the same box, but a quantum mechanical measurement would imply that no more than 1 of the n objects is contained in any of the m boxes, even though n > m. This result has been greeted by the authors of [1] and some others as being of great importance in the understanding of quantum mechanics [3, 4] . In this paper we show by a full quantum mechanical treatment that the effect appears to arise as a result of interference between the components of the wavefunctions, each of which is subject to the classical PHP.
Results
The apparatus for the proposed experiment is a Mach-Zehnder interferometer (MZI) shown in Fig. 1 in which each beam of quantum particles is split by one 50% beam splitter (BS 1 ) and recombined by another (BS 2 ). The two arms of the MZI are respectively labelled left (L) and right (R) . If the apparatus is set up so that the L and R path lengths are equal, then all the particles will arrive at detector D A . If however a phase shift of π is introduced into one arm (e.g. by displacing one of the reflectors) then all particles arrive instead at D B . If, as proposed in Ref. [1] , a phase shift of π/2 is introduced into the R arm then particles will have equal probabilities of arriving at D A or D B .
Quantum mechanically, after BS 1 the wavefunction of a particle can be represented as (|L + |R ). (For simplicity, we omit normalization factors throughout this paper.) BS 2 
The two-particle case
Before discussing the three-particle situation described in Ref. [1] , it is instructive to consider the case of two interacting particles passing simultaneously through the modified MZI. We assume that these are confined to beams that do not overlap, in which case the particles are distinguishable, even if they are identical, so their joint wavefunction may be expressed as a simple product. (The extent of the particle wavefunctions is discussed further below and in [6] .)
After the particles pass through BS 1 , their wavefunction is: |Ψ(1, 2) = |L(1) + |R(1) |L(2) + |R(2) = |L(1) |L(2) + |R(1) |R(2) + |L(1) |R(2) + |R(1) |L(2) ,
where the arguments refer to the coordinates of the distinguishable particles labelled 1 & 2. After the phase shifter this becomes:
|φ(1, 2) = |L(1) |L(2) − |R(1) |R(2) + i |L(1) |R(2) + |R(1) |L(2) ,
where the operation of the phase shifter multiplies each |R component by i. The amplitude of this state function determines the probability of both particles being detected at D A . We note the cancellation of the first two terms, which correspond to the particles travelling down the same arm as each other. This means that if both particles are detected at D A , their wavefunction corresponds to them travelling down different arms from each other. This is also true if both particles are detected at D B , where the component detected is (|L > −i|R >). We emphasise that "different arms" corresponds to a superposition of both possible arms for particle 1, combined in each case with the opposite arm for particle 2; without this superposition, there would be no interference at BS 2 .
It may similarly be shown that if one particle is detected at each detector, then their wavefunction corresponds to a superposition of states where they travel together down the arms of the MZI. These are remarkable results because two-particle correlations can be revealed merely by selecting where the particles are detected. However to confirm 2 this experimentally, the particles must interact with each other to reveal if they share the same arm of the MZI. By "interact" we mean by long range forces, with no overlap of wavefunctions.
As shown in Fig. 2 , if particles travelling down the same arm repel each other, then, assuming the interactions in each arm are identical, the geometry of the MZI assures that the two paths for each particle still meet and interfere coherently at BS 2 . However, the wavefunctions in equations (1) and (2) must now be modified to take account of these interactions. We use a notation where, for example, the state of particle 1 after it has interacted with particle 2 in the L arm is represented by |L 2 (1) , whereas the case where there is no interaction with another particle is represented by |L 0 (1) . Hence the amplitude arriving at detector D A becomes:
We see that despite the interactions, the cancellation of the first two terms is exact, so the clear prediction in this case is that if both particles arrive at the same detector, they will not be deviated from their non-interacting positions.
Conversely, if they are detected at separate detectors, they will both have been deviated by the interactions due to passing together down the same arms. Of course, even without this post-selection or the π/2 phase shift, one can always tell if the two particles travelled down the same arms as each other, by seeing if their paths are deviated. The interesting result from the modified MZI is that by post-selection, we can observe correlations between particle paths, while still maintaining ignorance about the individual L and R paths-which is essential if interference between them is to occur. This point was made strongly in [1] . An implication of this is that "pigeonholing" means a correlation between particle trajectories. For instance, any combination of the first two terms on the right-hand side of equation (3) represents particles in the "same" pigeonhole, and any combination of the last two terms represents particles in separate pigeonholes. Thus a "pigeonhole" does not in general represent distinct physical locations for the particle paths, because the particles explore both arms of the MZI.
The conundrum presented by the modified MZI with three particles present may be simply expressed: if we postselect events where all three arrive at the same detector, does this mean that they all travelled by different paths? This is perfectly consistent with the classical PHP for two particles, but for three in an MZI having only two arms it appears not to be! Quantum-Mechanical treatment of the three-particle case
We now consider the case where three identical interacting particles travel through the Mach-Zehnder interferometer illustrated in Fig. 1 . They are assumed to travel simultaneously [6] and to exert forces on each other if they pass through the same arm (R or L) of the MZI. The initial state is such that, after passing through the first beam splitter (BS 1 ), the wavefunction representing the state of the three particles has the form
We note that all eight components of this superposition obey the classical PHP because in every case at least two of the three particles have travelled along the same arm.
When the particles move through the same arm of the MZI they interact, and alter their directions of motion.
Extending the notation used in the two-particle case, |L 2 (1) represents the state of particle 1 after it has passed along the L arm with particle 2, but not particle 3, while |R 23 (1) represents the state of particle 1 after travelling along the R arm with both the other particles. After passing through the phase-shifter, all |R components are multiplied by i and the state of the three particles is then represented by |Φ where
After passing through the second beam splitter, particles in corresponding |L and |R states will constructively interfere to form states of the type |φ = |L + |R at detector D A . (The particles may continue to repel each other while they travel from BS 2 to the detector, but this is ignored from now on -i.e. it is assumed that the distance from BS 2 to D A is small compared with the length of the path through the MZI, or that the particle interactions are screened in this region.) Using equation (5), the final state at D A is then:
All the component products in equation (6) represent states where at least two particles are in either the right or left arm, which is consistent with the classical PHP.
The only actual measurement made in this experimental setup is of the positions of the particles when they are detected at D A . Figure 3 shows the expected arrival positions of the particles at D A in a plane perpendicular to the beam direction. We have assumed that the configuration of the three particle beams when they passed through BS 1 formed an equilateral triangle. We note the expected three-fold symmetry.
We can now calculate the probability density for particle 1 being being detected in the vicinity of the position r 1 .
This is given by P(r 1 )d 2 r 1 where
We are now using a position representation where, for example, φ 0 = φ 0 (r 1 ), φ 2 = φ 2 (r 1 ) and φ 23 = φ 23 (r 1 ). The quantities represented by S are overlap integrals with the suffixes indicating which types of φ are involved: e.g.
Details of the calculations of the cross terms are given in Ref.
[6]. However, we note that equation (7) has a simple form both in the limit where the interaction is zero and all the S s are unity, and in the opposite strong interaction limit where the deflection is sufficiently large that there is no overlap, and the S s are zero. In both cases, the sum of the last six terms is zero and the probability density is just the incoherent sum of the contributions from the four φs.
Numerical calculations
Using equation (7) with the triangular geometry described above, we have computed P(r 1 ) for a number of different interaction strengths. We have taken the φs to be Gaussians with the same widths, and assumed for the present, as in [1] , that the interactions do not lead to phase changes in the wavefunctions. We define the interaction strength (d) as the magnitude of the expected deflection of one particle by another (see Fig. 3 ) in units of the standard deviation of |φ| 2 . Typical results are shown in Fig. 4 . We note that when the interaction is strong, the probability density separates into four distinct peaks corresponding to the different experiences undergone by the particles and the cross terms in the probability density have relatively little effect. This means that the detection of the position of, say, particle 1 would unambiguously determine whether it had been accompanied by particle 2, particle 3, both 2 and 3, or neither in its passage through the MSI. This result is completely consistent with the classical PHP.
In the opposite limit of no interaction, there is only one peak for each particle and it is of course centred on the original particle position. This measurement clearly provides no information as to how many particles have populated the arms of the MZI. That is, there is no information one way or the other about the PHP, and certainly no evidence that the classical PHP fails.
The most interesting situation is where the interaction is weak and we illustrate this in Fig. 4 by the case where d = 0.25. Little if any information could be deduced from the detection of a single particle in this case, but in principle at least, this probability distribution could be measured by detecting the arrival positions of a large number of identically prepared triplets of particles. As this probability distribution is very similar to that seen in the zero-interaction case, an experimenter might be tempted to conclude that the particles had not interacted and therefore must have all passed through the MZI unaccompanied -which is the quantum PHE prediction in Ref. [1] . However, if the results were interpreted with knowledge of the quantum analysis set out above, it would be realised that such a conclusion would be invalid because this feature of the observed particle density is largely or entirely a result of interference between various components of the wavefunction, all of which are subject to the classical PHP. We investigated this point further by calculating the expectation value, < y >, of the displacement in the y direction (see Fig. 3 ), as a function of interaction 5 strength. (This could be obtained experimentally from the particle density recorded in a series of experiments with different interaction strengths.) The results are shown in Fig. 5 along with the "incoherent" result that would be expected if there were no interference -i.e. ignoring all but the first four terms on the right-hand side of equation (7).
The behaviour in the latter case is a straight line whose slope is a measure of the displacement in the y direction of the average position of the centres of the first four terms in equation (6). What would actually be observed, however, is the expectation value calculated using the full wavefunction, Φ. We see that in this case the linear slope is zero at d = 0, so such a result could lead to the conclusion that the particles had not interacted. Once again, however, an understanding of the full quantum calculation would vitiate this conclusion. Information about the interaction strength could still extracted from this data, but this would involve an analysis of the quadratic (and possibly higher-order) dependence of < y > on d. Another way of interpreting these results is that they correspond to a "weak measurement" of the slope of < y > vs d, but it would clearly be wrong to equate this to a weak measurement of the interactions.
It follows, therefore, that all these results can be derived using the classical PHP and they simulate the quantum PHE at small d only because there is interference between certain terms in the wavefunction. The ingenious arrangement in Ref. [1] ensures that this occurs in the limit of weak interactions; however, destructive interference between the amplitudes of different trajectories does not imply that these trajectories were forbidden. As noted in [5] , "weak" measurements do not necessarily represent physical variables, and although they obey their own logic, they can lead to apparently paradoxical results. We can imagine an experimenter obtaining a small-d result being drawn to conclude that this confirms the quantum PHE. If however, she were aware of the results of the calculations in this paper, she would realise that the results arise from a superposition of quantum states, all of which are subject to the classical PHP. She could indeed go further by fitting her results to the calculated curves, so deriving the actual interactions experienced by the particles. The quantum PHE therefore adds little new to our understanding of quantum mechanics, nor of number theory.
It is also instructive to consider the case, briefly mentioned in [1] , in which one post-selects the case where one particle arrives at one detector and two arrive at the other: for instance where particle 1 is detected at D A and particles 2 and 3 are detected at D B . The final wavefunction in this case is: Figure 5 includes the results of our calculations for all three particles in this case . Unlike the situation where all three particles arrive at one detector, there is a linear dependence of < y > on d at small d for particle 1. In fact, the slope near the origin of this graph is twice the incoherent result to which it tends at large d. This initial slope corresponds to the magnitude of the deflection one would get if particle 1 were repelled on average by both particles 2 and 3. If the only observation made were that of particle 1 arriving at D A and if the interactions were weak, the same logic that led to the quantum PHP in the 3-particle case could lead an experimenter to believe that all 3 particles must have travelled together along the same arms of the MZI. If, however, the experimenter also looked at D B , she would observe the behaviour of particles 2 and 3 where there there is now a linear change in both < x > and < y > at small d. The change in < y > is the same for both particles and equals the incoherent value for all values of d. The vector sum of all the particle displacements for all three particles is zero, so the three particles as a whole conserve transverse momentum. At large d, < x > for both particles tends to zero, in line with the incoherent behaviour. This leads to the conclusion that the displacements of all particles at smaller d are the result of interference between the different terms in equation (8).
We now consider the results at small d from the quantum PHE point of view. Since particles 1 and 2 are detected at different detectors, our earlier discussion of the two-particle case leads us to expect that they travelled in the same arms as each other. The same applies to particles 1 and 3, hence at small d the state of particle 1 is formed by constructive interference of the two states corresponding to repulsion by each particle, which is what our calculation indicates; at large d, the two states do not overlap, constructive interference does not occur and the behaviour is the same as in the incoherent case. This is similar to the earlier case of all three particles detected in D A , except in that case the interference was destructive resulting in the zero slope at small d discussed above. Moreover, since particles 2 and 3 arrive at the same detector, our two-particle discussion predicts that they would have travelled by different paths, so do not repel each other: they are only repelled by particle 1, which again agrees with our calculation. Classically, particles 2 and 3 cannot both be in the same arm as particle 1, at the same time as being in different arms from each other, but quantum-mechanically they can be in a superposition of these states, which is the basis of our calculation.
The effects of the phase shifts in wavefunctions due to interactions between particles
We now turn to another matter, not considered by the authors of [1] , which greatly limits the possible practical observation of the quantum PHE. This is the question of phase differences between the components of the superposition representing the particle as it reaches the detector. These result from two causes: the angular separation of the beams and the effect of the interaction potential.
A quantity relevant to both of the above is the width of the probability distribution |φ| 2 for an isolated particle at the detector. This is determined by the width of the incoming beam and the spread due to diffraction over the distance travelled inside the MZI. Minimising the sum of these, it may be shown that the smallest possible beam width at the detector is given by:
where the variation of the probability density with radius r from its centre is given by |φ| 2 ∝ exp(−r 2 /2σ 2 ) and λ is the wavelength of the particle in the beam direction.
The dimensionless measure (d) of the strength of the interaction between particles as defined above can be expressed in terms of the expected deflection, ∆r, of one particle by another (see Fig. 3 ) and the standard deviation (σ) of φ 2 as:
If two particles repel each other over the whole distance , then each deviates parabolically from a straight line path, and arrives at the detector deflected by an angle α given by:
The angle of incidence α leads to a variation of phase ∆θ across the wavefunction φ. Taking s as the distance from the undeflected beam along the direction of deflection, we have:
Using equations (9) to (11), this may be written as:
We see that this phase difference is significant when the particle deflection is comparable with the spread of the wavefunction.
Turning now to the phase change due to the interactions, we denote this as ∆θ i . The total energy of a particle passing through the MZI is constant, which means that particles moving together along the same arms must do so at a lower speed than is the case when they move along different arms. The effect of changes of potential energy on phase is well known from interferometry with neutrons in a MZI [7] . We first consider two particles 1 and 2 travelling through the MZI. If the particles travel together down the same arm (it does not matter which one), they have a mutual potential energy that we shall denote by ∆V per particle. If they travel by different arms, the mutual interaction is by assumption negligible. Hence ∆V will give rise to a phase difference between the two components of the wavefunction of particle 1: those where it is accompanied by 2, and those where it is not. (The same will happen to the wavefunctions of particle 2, but the consequences for this particle are identical, so we do not consider it further).
For a non-relativistic particle of mass m, the magnitude of momentum change due to ∆V is given by:
Hence, the phase difference introduced is:
where t is the time the particles spend at the potential ∆V. ∆θ i is the phase difference between, e.g., φ 2 (1) and φ 0 (1).
(The phase difference between φ 23 (1) and φ 0 (1) would be double this.)
The displacement of a particle position due to interaction with another depends not on the total potential energy 2∆V but on its gradient, so to make progress we assume a Coulomb interaction, which will be long-range enough to cause a repulsion between equally-charged particles separated by a distance r that is considerably larger than their wavefunction spread σ. (This limitation is necessary so that the particles can to a good approximation be regarded as being deflected classically by a potential which is a function of the separation of their centres of mass.) In this case, the force between the particles has the magnitude F = 2∆V/r. After travelling for a time t, the particle tracks are deviated by ∆r = σd = 1 2 (F/m)t 2 = (∆V/mr)t 2 . This may be rewritten as:
Using equation (9) for the beam width σ and equation (15) for the phase difference, we obtain:
We note that to avoid overlap between the wavefunctions of different particles, we need r >> σ, which implies that ∆θ i > 2π, unless d is very small indeed. Hence for a Coulomb interaction, the phase difference introduced by the interaction cannot be ignored, and should be included in calculations to ascertain if the quantum PHE is observable.
One could devise mathematical potentials that avoid or minimise the effects discussed, but these are unlikely to be physically realisable. The three particle case is very similar, but the potential energy difference for one particle passing through one arm with two in the other, and all three in the same arm is 2×∆V as defined above.
We have repeated our calculations for the case of all three particles arriving at one detector, with the phase change due to beam divergence given by equation (13) while that due to the interactions (equation (17) (Fig. 4) . This is consistent with the prediction made above. The oscillations result from the inclusion of the interaction phase (θ i ) in the calculation and the fact that the apparent quantum PHE effect depends on interference between the amplitudes of the different components of the wavefunction contributing to the cross terms in equation (7). These are so large that < y > is actually a little below zero for d ∼ 0.25 so the average of many measurements in an experiment performed with exactly these parameters at this value of d, could be misinterpreted as indicating that the particles were attracting each other!
The oscillations die out for values of d 0.7. This is due to the varying phase across the beams leading to increasingly variable phase differences between the wavefunction components. We note, in contrast to this 3-particle case, that our prediction for the 2-particle result does not vary with the strength of the interaction. The 2-particle case does not of course give rise to any pigeonhole paradoxes.
We have also investigated the possibility of carrying out the measurements described above using electrons. This has been revealed to be extremely challenging by a calculation in [6] which shows that all measurements would have to be made on subatomic scales. Indeed, unless the phase differences are tightly controlled (and the finite size of the particle wave packets may affect this [6] ) the coherence between the wavefunctions representing the possible paths of each particle might well not be maintained so the probability density would have no cross terms in it and all traces of the quantum PHE would disappear.
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Conclusions
We have demonstrated that the passage of independent interacting particles through a Mach-Zehnder Interferometer with added π/2 phase shift may be derived from a correct application of quantum mechanics to the classical PHP, in which the particles explore all combinations of paths allowed by classical number theory. We show that all the apparently paradoxical results of the supposed quantum pigeonhole principle can be accounted for by our treatment, and that they only apply when the interaction between particles is extremely weak -especially if the effects of phase shifts introduced by the inter-particle interactions are allowed for. In the weak interaction limit, results can only be obtained by a statistical analysis of many experiments, and the results of a single experiment are indistinguishable from the zero interaction case, while with stronger interactions, all results are consistent with the classical PHP.
Everyone accepts that quantum mechanics is weird, but it is not as weird as the quantum pigeonhole principle! Rather than being a new Principle, the quantum PHE is instead an elegant demonstration of the ineluctable non-locality of quantum mechanics. 
Supplementary Information Extent of particle wavefunctions
We emphasised in the main text that if the particles are identical, it is necessary that there be no overlap between their wavefunctions so as to avoid complications associated with indistinguishability. However, the absence of overlap is also necessary so that the particles can to a good approximation be regarded as being deflected classically by a potential which is a function of the separation of their centres of mass. This again requires that r, the distance between the parallel beams of particles must satisfy r >> σ, where σ = ( λ/2π) 1/2 -see equation (9) In addition, the particles have to pass together through the MZI, entering at the same time and with wavepackets of short length, comparable with σ. This implies that the wavelengths of their Fourier components must be spread over a range where δλ/λ ≥ λ/σ = (2πλ/ ) 1/2 . However, since this range can be small, it is no impediment to the operation of the MZI if it is operated close to exact symmetry of L and R arms.
Calculation of overlaps and probability distribution for particle 1
Cross terms in Φ * (r 1 , r 2 , r 3 ) × Φ(r 1 , r 2 , r 3 ) are
Leading to: 
For the wavefunctions we use the coordinate system defined in Figure 3 , and use g i to represent the real twodimensional Gaussian which is the modulus of φ i (r 1 ), so that the wavefunctions may be written: 
These expressions reflect the fact that the deflected particles have a longer path length, so have a phase lag with respect to the undeflected beam, and this lag increases with distance away from x = y = 0.
In calculating an overlap integral, we need to include θ, the phase of φ * × φ, which varies with position as 2(s/σ)d
(equation (12) These values (and any others satisfying the the restrictions above) indicate that it would be extremely challenging to obtain the required measurement accuracy for ∆r and also to control the phases of the electrons. Another challenge would be to design an experiment where the interaction strength could be accurately controlled and tuned precisely to a required value Therefore, we believe that performing this experiment with electrons would probably be impossible and it follows from the above calculation that it would be even more of a challenge if charged particles of greater mass were employed.
A different quantum PHE thought-experiment involving atoms is outlined in Ref. [1] in the main text. It is proposed that interactions between the atoms will be revealed via a small frequency change of photons emitted by them. The energy of atomic interaction will certainly exceed the energy change of the emitted photons, and this interaction will entail both deflections and phase shifts in the atom wavefunctions. Without an explicit case to consider, further analysis is difficult, but we expect that an atom experiment would prove equally challenging as an electron experiment.
